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C∗-algebras, group algebras, and the algebra A(X) of approx-
imable operators on a Banach space X having the bounded 
approximation property are known to be zero product 
determined. In this paper we give a quantitative estimate 
of this property by showing that, for the Banach algebra A, 
there exists a constant α with the property that for every 
continuous bilinear functional ϕ : A × A → C there exists a 
continuous linear functional ξ on A such that
sup
‖a‖=‖b‖=1




in each of the following cases: (i) A is a C∗-algebra, in which 
case α = 8; (ii) A = L1(G) for a locally compact group 






; (iii) A = A(X) for 
a Banach space X having property (A) (which is a rather 
strong approximation property for X), in which case α =
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C2, where C is a constant associated with the 
property (A) that we require for X.
© 2021 The Author(s). Published by Elsevier Inc. This is an 
open access article under the CC BY-NC-ND license 
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1. Introduction
Let A be a Banach algebra. Then π : A ×A → A denotes the product map, we write 
A∗ for the dual of A, and B2(A, C) for the space of continuous bilinear functionals on A.
The Banach algebra A is said to be zero product determined if every ϕ ∈ B2(A, C)
with the property
a, b ∈ A, ab = 0 ⇒ ϕ(a, b) = 0 (1)
belongs to the space
B2π(A,C) =
{
ξ ◦ π : ξ ∈ A∗
}
.
This concept implicitly appeared in [1] as an additional outcome of the so-called property 
B which was introduced in that paper, and was the basis of subsequent Jordan and 
Lie versions (see [2–4]). For a comprehensive survey of the theory of the zero product 
determined Banach algebras we refer the reader to [10]. The algebra A is said to have 
property B if every ϕ ∈ B2(A, C) satisfying (1) belongs to the closed subspace B2b (A, C)
of B2(A, C) defined by
B2b (A,C) =
{
ψ ∈ B2(A,C) : ψ(ab, c) = ψ(a, bc) ∀a, b, c ∈ A
}
.
In [1] it was shown that this class of Banach algebras is wide enough to include a number 
of examples of interest: C∗-algebras, the group algebra L1(G) of any locally compact 
group G, and the algebra A(X) of approximable operators on any Banach space X.
Throughout, we confine ourselves to Banach algebras having a bounded left approx-
imate identity. Then B2π(A, C) = B2b (A, C) (Proposition 2.1), and hence A is a zero 
product determined Banach algebra if and only if A has property B. For example, this 
applies to C∗-algebras, group algebras and the algebra A(X) on any Banach space X
having the bounded approximation property, so that all of them are zero product deter-
mined Banach algebras.







‖ϕ− ψ‖ : ψ ∈ B2π(A,C)
}
,
which can be easily estimated through the constant
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|ϕ|zp = sup {|ϕ(a, b)| : a, b ∈ A, ‖a‖ = ‖b‖ = 1, ab = 0} .
Note that A is zero product determined precisely when
ϕ ∈ B2(A,C), |ϕ|zp = 0 ⇒ ϕ ∈ B2π(A,C). (2)
We call the Banach algebra A strongly zero product determined if condition (2) is 





≤ α |ϕ|zp ∀ϕ ∈ B2(A,C) (3)
for some constant α; in this case, the optimal constant α for which (3) holds will be 




is always true (Proposition 2.1
below). We also note that A has property B exactly in the case when
ϕ ∈ B2(A,C), |ϕ|zp = 0 ⇒ |ϕ|b = 0,
and the algebra A is said to have the strong property B if there is an estimate
|ϕ|b ≤ β |ϕ|zp ∀ϕ ∈ B2(A,C) (4)
for some constant β; in this case, the optimal constant β for which (4) holds will be 
denoted by βA. The inequality |ϕ|zp ≤ M |ϕ|b is always true for some constant M
(Proposition 2.1 below). The spirit of this concept first appeared in [6], and was subse-
quently formulated in [14] and refined in [15]. This property has proven to be useful to 
study the hyperreflexivity of the spaces of continuous derivations and, more generally, 
continuous cocycles on A (see [7,8,13–15]).
From [5, Corollary 1.3], we obtain the following result.
Theorem 1.1. Let A be a C∗-algebra. Then A is strongly zero product determined, has 
the strong property B, and αA, βA ≤ 8.
It is shown in [15] that each group algebra has the strong property B and so (by 
Corollary 2.2 below) it is also strongly zero product determined. In Theorem 3.3 we 
prove that, for each group G,
αL1(G) ≤ βL1(G) ≤ 60
√
27
1 + sin π10
π .1 − 2 sin 10
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one given in [15, Theorem 3.4]. The estimates given in Theorems 1.1 and 3.3 can be used 
to sharp the upper bound given in [15, Theorem 4.4] for the hyperreflexivity constant of 
Zn(A, X), the space of continuous n-cocycles from A into X, where A is a C∗-algebra 
or the group algebra of a group with an open subgroup of polynomial growth and X is 
a Banach A-bimodule for which the nth Hochschild cohomology group Hn+1(A, X) is a 
Banach space.
Finally, in Theorem 4.1 we prove that the algebra A(X) is strongly zero product 
determined for each Banach space X having property (A) (which is a rather strong 
approximation property for the space X). Further, we will use this result to show that 
the space Zn(A(X), Y ∗) is hyperreflexive for each Banach A(X)-bimodule Y .
There is no reason for an arbitrary zero product Banach algebra to be strongly zero 
product determined. However, as yet, we do not know an example of a zero product 
determined Banach algebra which is not strongly zero product determined.
Throughout, our reference for Banach algebras, and particularly for group algebras, 
is the monograph [11].
2. Elementary estimates





, |·|b, and |·|zp on B2π(A, C) to each other.
Proposition 2.1. Let A be a Banach algebra with a left approximate identity of bound M . 
Then B2π(A, C) = B2b (A, C) and, for each ϕ ∈ B2(A, C), the following properties hold:















Proof. Let (eλ)λ∈Λ be a left approximate identity of bound M .







‖ϕ− ξn ◦ π‖ .
For each n ∈ N and a ∈ A, we have
|ξn(eλa)| = |(ξn ◦ π)(eλ, a)| ≤ M ‖ξn ◦ π‖ ‖a‖ ∀λ ∈ Λ
and hence, taking limit in the above inequality and using that limλ∈Λ eλa = a, we see 
that |ξn(a)| ≤ M ‖ξn ◦ π‖ ‖a‖, which shows that ‖ξn‖ ≤ M ‖ξn ◦ π‖. Further, since
‖ξn ◦ π‖ ≤ ‖ϕ− ξn ◦ π‖ + ‖ϕ‖ ∀n ∈ N,
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sequence (ξn) has a weak∗-accumulation point, say ξ, in A∗. Let (ξν)ν∈N be a subnet of 
(ξn) such that w∗-limν∈N ξν = ξ. The task is now to show that





For each a, b ∈ A with ‖a‖ = ‖b‖ = 1, we have
|ϕ(a, b) − ξν(ab)| ≤ ‖ϕ− ξν ◦ π‖ ∀ν ∈ N,




and that (‖ϕ− ξν ◦ π‖)ν∈N is a subnet of the convergent sequence (‖ϕ − ξn ◦ π‖), we 
obtain














≤ ‖ϕ− ξ ◦ π‖ trivially holds.
(ii) For each λ ∈ Λ define ξλ ∈ A∗ by
ξλ(a) = ϕ(eλ, a) ∀a ∈ A.
Then ‖ξλ‖ ≤ M ‖ϕ‖ for each λ ∈ Λ, so that (ξλ)λ∈Λ is a bounded net in A∗ and hence 
the Banach–Alaoglu theorem shows that it has a weak∗-accumulation point, say ξ, in 
A∗. Let (ξν)ν∈N be a subnet of (ξλ)λ∈Λ such that w∗-limν∈N ξν = ξ. For each a, b ∈ A
with ‖a‖ = ‖b‖ = 1, we have
|ϕ(eνa, b) − ϕ(eν , ab)| ≤ M |ϕ|b ∀ν ∈ N
and hence, taking limit and using that (eνa)ν∈N is a subnet of the convergent net 
(eλa)λ∈Λ and that limν∈N ϕ(eλ, ab) = ξ(ab), we see that
|ϕ(a, b) − ξ(ab)| ≤ M |ϕ|b .
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|ϕ(ab, c) − ϕ(a, bc)| = |ϕ(ab, c) − (ξ ◦ π)(ab, c) + (ξ ◦ π)(a, bc) − ϕ(a, bc)|
≤ |ϕ(ab, c) − (ξ ◦ π)(ab, c)| + |(ξ ◦ π)(a, bc) − ϕ(a, bc)|
≤ ‖ϕ− ξ ◦ π‖ ‖ab‖ ‖c‖ + ‖ϕ− ξ ◦ π‖ ‖a‖ ‖bc‖
≤ 2 ‖ϕ− ξ ◦ π‖
and therefore |ϕ|b ≤ 2 ‖ϕ− ξ ◦ π‖. Since this inequality holds for each ξ ∈ A∗, it follows 
that





(iii) Let a, b ∈ A with ‖a‖ = ‖b‖ = 1 and ab = 0. For each ξ ∈ A∗, we see that
|ϕ(a, b)| = |ϕ(a, b) − (ξ ◦ π)(a, b)| ≤ ‖ϕ− ξ ◦ π‖ ,







Finally, it is clear that B2π(A, C) ⊂ B2b (A, C). To prove the reverse inclusion take 




= 0, and (i) gives 
ψ ∈ B2π(A, C) such that ‖ϕ − ψ‖ = 0, which implies that ϕ = ψ ∈ B2π(A, C). 
The following result is an immediate consequence of assertion (ii) in Proposition 2.1.
Corollary 2.2. Let A be a Banach algebra with a left approximate identity of bound M . 
Then A is a strongly zero product determined Banach algebra if and only if has the strong 
property B, in which case
1
2βA ≤ αA ≤ MβA.
Let X and Y be Banach spaces, and let n ∈ N. We write Bn(X, Y ) for the Banach 
space of all continuous n-linear maps from X× n· · · ×X to Y . As usual, we abbreviate 
B1(X, Y ) to B(X, Y ), B(X, X) to B(X), and B(X, C) to X∗. The identity operator on 
X is denoted by IX . Further, we write 〈·, ·〉 for the duality between X and X∗. For each 
subspace E of X, E⊥ denotes the annihilator of E in X∗.
For a Banach algebra A and a Banach space X, and for each ϕ ∈ B2(A, X), we 
continue to use the notations
|ϕ|b = sup {|ϕ(ab, c) − ϕ(a, bc)| : a, b, c ∈ A, ‖a‖ = ‖b‖ = ‖c‖ = 1} ,
|ϕ|zp = sup {|ϕ(a, b)| : a, b ∈ A, ‖a‖ = ‖b‖ = 1, ab = 0} .
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and having the strong property B. Let X be a Banach space, and let ϕ ∈ B2(A, X). Then 
the following properties hold:
(i) |ϕ|b ≤ βA |ϕ|zp;
(ii) If X is a dual Banach space, then there exists Φ ∈ B(A, X) such that ‖ϕ −Φ ◦ π‖ ≤
MβA.
Proof. (i) For each ξ ∈ X∗, we have
|ξ ◦ ϕ|b ≤ βA |ξ ◦ ϕ|zp .
It follows from the Hahn-Banach theorem that
|ϕ|b = sup
{





|ξ ◦ ϕ|zp : ξ ∈ X∗, ‖ξ‖ = 1
}
.
In this way we obtain (i).
(ii) Suppose that X is the dual of a Banach space X∗. Let (eλ)λ∈Λ be a left approxi-
mate identity for A of bound M , and define a net (Φλ)λ∈Λ in B(A, X) by setting
Φλ(a) = ϕ(eλ, a) ∀a ∈ A, ∀λ ∈ Λ.
Since each bounded subset of B(A, X) is relatively compact with respect to the weak∗
operator topology on B(A, X) and the net (Φλ)λ∈Λ is bounded, it follows that there exist 
Φ ∈ B(A, X) and a subnet (Φν)ν∈N of (Φλ)λ∈Λ such that wo∗-limν∈N Φν = Φ. For each 
a, b ∈ A with ‖a‖ = ‖b‖ = 1, and x∗ ∈ X∗ with ‖x∗‖ = 1, we have∣∣〈x∗, ϕ(eνa, b)〉 − 〈x∗, ϕ(eν , ab)〉∣∣ ≤ ‖ϕ(eνa, b) − ϕ(eν , ab)‖ ≤ MβA ∀ν ∈ N
and hence, taking limit and using that (eνa)ν∈N is a subnet of the net (eλa)λ∈Λ (which 
converges to a with respect to the norm topology) and that limν∈N 〈x∗, ϕ(eν , ab)〉 =
〈x∗, Φ(ab)〉 (by definition of Φ), we see that∣∣〈x∗, ϕ(a, b) − Φ(ab)〉∣∣ = MβA.
This gives ‖ϕ− Φ ◦ π‖ ≤ MβA. 
3. Group algebras
In this section we prove that the group algebra L1(G) of each locally compact group 
G is a strongly zero product determined Banach algebra and we provide an estimate of 
the constants αL1(G) and βL1(G). Our estimate of βL1(G) improves the one given in [15]. 
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to [11, Section 3.3].
Throughout this section, T denotes the circle group, and we consider the normalized 
Haar measure on T . We write A(T ) and A(T 2) for the Fourier algebras of T and T 2, 
respectively. For each f ∈ A(T ), F ∈ A(T 2), and j, k ∈ Z, we write f̂(j) and F̂ (j, k) for 
the Fourier coefficients of f and F , respectively. Let 1, ζ ∈ A(T ) denote the functions 
defined by
1(z) = 1, ζ(z) = z ∀z ∈ T .
Let Δ: A(T 2) → A(T ) be the bounded linear map defined by
Δ(F )(z) = F (z, z) ∀z ∈ T , ∀F ∈ A(T 2).
For f, g ∈ A(T ), let f ⊗ g : T 2 → C denote the function defined by
(f ⊗ g)(z, w) = f(z)g(w) ∀z, w ∈ T ,
which is an element of A(T 2) with ‖f ⊗ g‖ = ‖f‖ ‖g‖.
Lemma 3.1. Let Φ: A(T 2) → C be a continuous linear functional, and let the constant 
ε ≥ 0 be such that
f, g ∈ A(T ), fg = 0 ⇒ |Φ(f ⊗ g)| ≤ ε ‖f‖ ‖g‖ .
Then

















(z, w) ∈ T 2 : zw−1 ∈ E
}
,
and let F ∈ A(T 2) be such that
F (z, w) = 0 ∀(z, w) ∈ W. (5)
Our objective is to prove that
|Φ(F )| ≤ 30
√
27 ‖F‖ ε. (6)
For this purpose, we take
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A =
{

















and we define functions ω, υ ∈ A(T ) by
ω = 30χA ∗ χU , υ = 30χB ∗ χU .
We note that
{z ∈ T : ω(z) = 0} = AU =
{





{z ∈ T : υ(z) = 0} = BU =
{





and, with ‖·‖2 denoting the norm of L2(T ),































δak ∗ χA =
28∑
k=2
χakA = χB ,
and thus, for each j ∈ Z, we have
j+29∑
k=j
δak ∗ ω = 30δaj ∗
29∑
k=0
δak ∗ χA ∗ χU = 30δaj ∗ 1 ∗ χU = 1, (7)
j+28∑
k=j+2
δak ∗ ω = 30δaj ∗
28∑
k=2
δak ∗ χA ∗ χU = 30δaj ∗ χB ∗ χU = δaj ∗ υ. (8)





)−1 ⊂ aj−k {eθi : − 2 π < θ < 2 π} ⊂ E,15 15
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{
(z, w) ∈ T 2 : (δaj ∗ ω) ⊗ (δak ∗ ω)(z, w) = 0
}
⊂ W and (5) gives
F (δaj ∗ ω) ⊗ (δak ∗ ω) = 0. (9)
Since AU ∩BU = ∅, it follows that ωυ = 0, and therefore
(δak ∗ ω)(δak ∗ υ) = 0 ∀k ∈ Z. (10)























F (δaj ∗ ω) ⊗ (δak ∗ ω) =
29∑
j=0










































and therefore∣∣Φ ((ζj(δal ∗ ω))⊗ (ζk(δal ∗ υ)))∣∣ ≤ ε ∥∥ζj(δal ∗ ω)∥∥∥∥ζk(δal ∗ υ)∥∥















∣∣∣F̂ (j, k)∣∣∣√27 ε = 30√27 ‖F‖ ε,
and (6) is proved.
Let f ∈ A(T ) be such that f(z) = 0 for each z ∈ E, and define the function F : T 2 →
C by
F (z, w) = f(zw−1)w =
∞∑
k=−∞
f̂(k)zkw−k+1 ∀z, w ∈ T .
Then F ∈ A(T 2), ‖F‖ = ‖f‖, ζ ⊗ 1 − 1 ⊗ ζ − F ∈ ker Δ, and












which certainly implies that
‖ζ ⊗ 1 − 1 ⊗ ζ − F‖ =
∣∣∣1 − f̂(1)∣∣∣ + ∣∣∣−1 − f̂(0)∣∣∣ + ∑
k =0,1
∣∣∣f̂(k)∣∣∣ = ‖ζ − 1 − f‖ .
According to (6), we have
|Φ(ζ ⊗ 1 − 1 ⊗ ζ)| ≤ |Φ(ζ ⊗ 1 − 1 ⊗ ζ − F )| + |Φ(F )|
≤ ‖Φ |ker Δ‖ ‖ζ ⊗ 1 − 1 ⊗ ζ − F‖ + 30
√
27 ‖F‖ ε
= ‖Φ |ker Δ‖ ‖ζ − 1 − f‖ + 30
√
27 ‖f‖ ε




‖ζ − 1− f‖ + 2
)
ε
(as ‖f‖ ≤ ‖ζ − 1 − f‖ + ‖ζ − 1‖). Further, this inequality holds for each function from 
the set I consisting of all functions f ∈ A(T ) such that f(z) = 0 for each z ∈ E. 
Consequently,
|Φ(ζ ⊗ 1 − 1 ⊗ ζ)| ≤ ‖Φ |ker Δ‖ dist(ζ − 1, I) + 30
√
27 (dist(ζ − 1, I) + 2) ε.
On the other hand, it is shown at the beginning of the proof of [9, Corollary 3.3] that
dist(ζ − 1, I) ≤ 2 sin π10 ,
and we thus get




2 sin π10 + 2
)
ε,
which completes the proof. 
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ε ≥ 0 be such that
f, g ∈ A(T ), fg = 0 ⇒ |Φ(f ⊗ g)| ≤ ε ‖f‖ ‖g‖ .
Then
∣∣Φ(F − 1 ⊗ ΔF )∣∣ ≤ 60√27 1 + sin π101 − 2 sin π10 ε ‖F‖
for each F ∈ A(T 2).
Proof. Fix j, k ∈ Z. We claim that∣∣Φ(ζj ⊗ ζk − 1 ⊗ ζj+k)∣∣ ≤ ‖Φ |ker Δ‖ 2 sin π10 + 60√27 (1 + sin π10) ε. (11)
Of course, we are reduced to proving (11) for j = 0. We define dj : A(T ) → A(T ), and 
Dj , Lk : A(T 2) → A(T 2) by
djf(z) = f(zj) ∀f ∈ A(T ), ∀z ∈ T
and
DjF (z, w) = F (zj , wj), LkF (z, w) = F (z, w)wk ∀F ∈ A(T 2), ∀z, w ∈ T ,
respectively. Further, we consider the continuous linear functional Φ ◦ Lk ◦Dj . If f, g ∈
A(T ) are such that fg = 0, then (djf)(ζkdjg) = ζkdj(fg) = 0, and so, by hypothesis,
|Φ ◦ Lk ◦Dj(f ⊗ g)| =
∣∣Φ(djf ⊗ ζkdjg)∣∣ ≤ ε ‖djf‖ ∥∥ζkdjg∥∥ = ε ‖f‖ ‖g‖ .
By applying Lemma 3.1, we obtain∣∣Φ(ζj ⊗ ζk − 1 ⊗ ζj+k)∣∣ = |Φ ◦ Lk ◦Dj(ζ ⊗ 1 − 1 ⊗ ζ)|




1 + sin π10
)
ε.
We check at once that (Lk ◦Dj)(ker Δ) ⊂ ker Δ, which gives
‖Φ ◦ Lk ◦Dj |ker Δ‖ ≤ ‖Φ |ker Δ‖ ,
and therefore (11) is proved.




F̂ (j, k)ζj ⊗ ζk






Φ(F − 1 ⊗ ΔF ) =
∞∑
j,k=−∞
F̂ (j, k)Φ(ζj ⊗ ζk − 1 ⊗ ζj+k),
and (11) gives
|Φ(F − 1 ⊗ ΔF )| ≤
∞∑
j,k=−∞




∣∣∣F̂ (j, k)∣∣∣ [‖Φ |ker Δ‖ 2 sin π10 + 60√27 (1 + sin π10) ε]
= ‖F‖
[










In particular, for each F ∈ ker Δ, we have
‖Φ(F )‖ ≤ ‖F‖
[


















‖Φ |ker Δ‖ ≤ 60
√
27
1 + sin π10
1 − 2 sin π10
ε.
Using this estimate in (12), we obtain





1 + sin π10
1 − 2 sin π10











1 + sin π10
1 − 2 sin π10
ε
for each F ∈ A(T 2), which completes the proof. 
Theorem 3.3. Let G be a locally compact group. Then the Banach algebra L1(G) is 
strongly zero product determined and
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√
27
1 + sin π10
1 − 2 sin π10
.





1 + sin π10
1 − 2 sin π10
, (13)
because L1(G) has an approximate identity of bound 1. For this purpose set ϕ ∈
B2(L1(G), C).
Let t ∈ G, and let δt be the point mass measure at t on G. We define a contractive 




û(k)δtk ∀u ∈ A(T ).
Take f, h ∈ L1(G) with ‖f‖ = ‖h‖ = 1, and define a continuous linear functional 




F̂ (j, k)ϕ(f ∗ δtj , δtk ∗ h) ∀F ∈ A(T 2).




û(j)v̂(k)ϕ(f ∗ δtj , δtk ∗ h) = ϕ(f ∗ T (u), T (v) ∗ h);
in particular, if uv = 0, then (f ∗ T (u)) ∗ (T (v) ∗ h) = f ∗ T (uv) ∗ h = 0, and so
|Φ(u⊗ v)| = |ϕ(f ∗ T (u), T (v) ∗ h)| ≤ |ϕ|zp ‖f ∗ T (u)‖ ‖T (v) ∗ h‖
≤ |ϕ|zp ‖u‖ ‖v‖ .
By applying Lemma 3.2 with F = ζ ⊗ 1, we see that
|ϕ(f ∗ δt, h) − ϕ(f, δt ∗ h)| = |Φ(ζ ⊗ 1 − 1 ⊗ ζ)| ≤ 60
√
27
1 + sin π10
1 − 2 sin π10
|ϕ|zp .
We now take g ∈ L1(G) with ‖g‖ = 1. By multiplying the above inequality by |g(t)|, we 
arrive at
|ϕ(g(t)f ∗ δt, h) − ϕ(f, g(t)δt ∗ h)| ≤ 60
√
27
1 + sin π10
1 − 2 sin π10
|ϕ|zp |g(t)| . (14)
Since the convolutions f ∗ g and g ∗ h can be expressed as
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∫
G
g(t)f ∗ δt dt,
g ∗ h =
∫
G
g(t)δt ∗ h dt,
where the expressions on the right-hand side are considered as Bochner integrals of 
L1(G)-valued functions of t, it follows that
ϕ(f ∗ g, h) − ϕ(f, g ∗ h) =
∫
G
[ϕ(g(t)f ∗ δt, h) − ϕ(f, g(t)δt ∗ h)] dt.
From (14) we now deduce that
|ϕ(f ∗ g, h) − ϕ(f, g ∗ h)| ≤
∫
G




1 + sin π10








1 + sin π10






1 + sin π10
1 − 2 sin π10
|ϕ|zp ,
and (13) is proved. 
4. Algebras of approximable operators
Let X be a Banach space. Then we write F(X) for the two-sided ideal of B(X)
consisting of finite-rank operators, and A(X) for the closure of F(X) in B(X) with 
respect to the operator norm. For each x ∈ X and φ ∈ X∗, we define x ⊗ φ ∈ F(X) by 
(x ⊗ φ)(y) = 〈y, φ〉x for each y ∈ X. A finite, biorthogonal system for X is a set
{
(xj , φk) : j, k = 1, . . . , n
}
with x1, . . . , xn ∈ X and φ1, . . . , φn ∈ X∗ such that
〈xj , φk〉 = δj,k ∀j, k ∈ {1, . . . , n}.
Each such system defines an algebra homomorphism




where Mn is the full matrix algebra of order n over C. The identity matrix is denoted 
by In.
The Banach space X is said to have property (A) if there is a directed set Λ such that, 
for each λ ∈ Λ, there exists a finite, biorthogonal system
{
(xλj , φλk) : j, k = 1, . . . , nλ
}
for X with corresponding algebra homomorphism θλ : Mnλ → F(X) such that:
(i) limλ∈Λ θλ(Inλ) = IX uniformly on the compact subsets of X;
(ii) limλ∈Λ θλ(Inλ)∗ = IX∗ uniformly on the compact subsets of X∗;
(iii) for each index λ ∈ Λ, there is a finite subgroup Gλ of the group of all invertible 





‖θλ(t)‖ < ∞. (15)
Property (A) forces the Banach algebra A(X) to be amenable. For an exhaustive 
treatment of this topic (including a variety of interesting examples of spaces with prop-
erty (A)) we refer to [12, Section 3.3].
The notation of the above definition will be standard for the remainder of this section. 
Furthermore, our basic reference for this section is the monograph [12].
Theorem 4.1. Let X be a Banach space with property (A). Then the Banach algebra A(X)
is strongly zero product determined. Specifically, if C denotes the supremum in (15), then
1
2βA(X) ≤ αA(X) ≤ 60
√
27
1 + sin π10
1 − 2 sin π10
C2.




f(t)θλ(t) ∀f ∈ 1(Gλ).
We claim that Φλ is an algebra homomorphism. It is clear the Φλ is a linear map and, 
for each f, g ∈ 1(Gλ), we have
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∑
t∈Gλ








































Of course, Φλ is continuous because 1(Gλ) is finite-dimensional, and, further, for each 







|f(t)|C = C ‖f‖1 .
Hence ‖Φλ‖ ≤ C.
Let ϕ ∈ B2(A(X), C). Let us prove that∣∣ϕ(Sθλ(t), θλ(t−1)T ) − ϕ(Sθλ(Inλ), θλ(Inλ)T )∣∣ ≤ β1(Gλ)C2 ‖S‖ ‖T‖ |ϕ|zp (16)
for all λ ∈ Λ, S, T ∈ A(X), and t ∈ Gλ. For this purpose, take λ ∈ Λ and S, T ∈ A(X), 
and define ϕλ : 1(Gλ) × 1(Gλ) → C by
ϕλ(f, g) = ϕ(SΦλ(f),Φλ(g)T ) ∀f, g ∈ 1(Gλ).
Then ϕλ is continuous and, for each f, g ∈ 1(Gλ) such that f ∗ g = 0, we have 
(SΦλ(f))(Φλ(g)T ) = S(Φλ(f ∗ g))T = 0 and therefore
|ϕλ(f, g)| ≤ |ϕ|zp ‖SΦλ(f)‖ ‖Φλ(g)T‖ ≤ |ϕ|zp C2 ‖S‖ ‖T‖ ‖f‖1 ‖g‖1 ,
whence
|ϕλ|zp ≤ C2 ‖S‖ ‖T‖ |ϕ|zp .
For each t ∈ Gλ, we have∣∣∣ϕλ(δt, δt−1) − ϕλ(δInλ , δInλ )∣∣∣ = ∣∣∣ϕλ(δInλ ∗ δt, δt−1) − ϕλ(δInλ , δt ∗ δt−1)∣∣∣ ≤
|ϕλ|b ≤ β1(Gλ) |ϕλ|zp ≤ β1(Gλ)C2 ‖S‖ ‖T‖ |ϕ|zp ,
which gives (16).
The projective tensor product A(X)⊗̂A(X) becomes a Banach A(X)-bimodule for 
the products defined by
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〈S ⊗ T, ϕ̂〉 = ϕ(S, T ) ∀S, T ∈ A(X).







Then (Pλ)λ∈Λ is a bounded approximate identity for A(X) and (Dλ)λ∈Λ is an approx-
imate diagonal for A(X) (see [12, Theorem 3.3.9]), so that (‖S ·Dλ −Dλ · S‖)λ∈Λ → 0
for each S ∈ A(X).
For each λ ∈ Λ and S, T ∈ A(X), (16) shows that





ϕ(Sθλ(t), θλ(t−1)T ) − ϕ(Sθλ(Inλ), θλ(Inλ)T )
]∣∣∣∣∣
≤ β1(Gλ)C2 ‖S‖ ‖T‖ |ϕ|zp
and Theorem 3.3 then gives
|〈S ·Dλ · T, ϕ̂〉 − ϕ(SPλ, PλT )| ≤ 60
√
27
1 + sin π10
1 − 2 sin π10
C2 ‖S‖ ‖T‖ |ϕ|zp . (17)
For each λ ∈ Λ, define ξλ ∈ A(X)∗ by
〈T, ξλ〉 = 〈Dλ · T, ϕ̂〉 ∀T ∈ A(X).
Note that
‖ξλ‖ ≤ ‖ϕ̂‖ ‖Dλ‖ ≤ ‖ϕ‖C2 ∀λ ∈ Λ
and therefore (ξλ)λ∈Λ is a bounded net in A(X)∗. By the Banach–Alaoglu theorem the 
net (ξλ)λ∈Λ has a weak∗-accumulation point, say ξ, in A(X)∗. Take a subnet (ξν)ν∈N of 
(ξλ)λ∈Λ such that w∗-limν∈N ξν = ξ. Take S, T ∈ A(X). For each ν ∈ N , we have
ϕ(SPν , PνT ) − ξλ(ST ) =
ϕ(SPν , PνT ) − 〈S ·Dν · T, ϕ̂〉 + 〈(S ·Dν −Dν · S) · T, ϕ̂〉
so that (17) gives




1 + sin π10
1 − 2 sin π10
C2 ‖S‖ ‖T‖ |ϕ|zp + ‖ϕ‖ ‖S ·Dν −Dν · S‖ ‖T‖ .
Taking limits on both sides of the above inequality, and using that (SPν)ν∈N → S, 
(PνT )ν∈N → T , and (‖S ·Dν −Dν · S‖)ν∈N → 0, we see that
|ϕ(S, T ) − 〈ST, ξ〉| ≤ 60
√
27
1 + sin π10
1 − 2 sin π10









1 + sin π10
1 − 2 sin π10
C2 |ϕ|zp ,
which proves the theorem. 
The hyperreflexivity of the space Zn(A, X) of continuous n-cocycles from A into 
X, where A is a C∗-algebra or a group algebra and X is a Banach A-bimodule has 
been already studied in [15, Theorem 4.4]. We conclude this section with a look at 
the hyperreflexivity of the space Zn(A(X), Y ∗). For this purpose we introduce some 
terminology.
Let A be a Banach algebra, and let X be a Banach A-bimodule. Set
LX = sup
{





‖x · a‖ : x ∈ X, a ∈ A, ‖x‖ = ‖a‖ = 1
}
.
For each n ∈ N, let δn : Bn(A, X) → Bn+1(A, X) be the n-coboundary operator defined 
by




(−1)kT (a1, . . . , akak+1, . . . , an+1)
+ (−1)n+1T (a1, . . . , an) · an+1
for all T ∈ Bn(A, X) and a1, . . . , an+1 ∈ A. Further, δ0 : X → B(A, X) is defined by
(δ0x)(a) = a · x− x · a ∀x ∈ X, ∀a ∈ A.
The space of continuous n-cocycles, Zn(A, X), is defined as ker δn. The space of contin-
uous n-coboundaries, Nn(A, X), is the range of δn−1. Then Nn(A, X) ⊂ Zn(A, X), and 
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‖T (a1, . . . , an) − S(a1, . . . , an)‖ : S ∈ Zn(A,X)
}
is intended to estimate the usual distance from T to Zn(A, X), and, in accordance 




















Proposition 4.2. Let A be a C-amenable Banach algebra, and let X be a Banach A-
bimodule. Then there exist projections P, Q ∈ B(X∗) onto (X · A)⊥ and (A · X)⊥, 







RX + LX‖P‖ + ‖P‖‖Q‖
)
‖δ1T‖






for all T ∈ B(A, X∗).
Proof. The Banach algebra A has a virtual diagonal D with ‖D‖ ≤ C. This is an element 
D ∈ (A⊗̂A)∗∗ such that, for each a ∈ A, we have
a · D = D · a and a · π̂∗∗(D) = a. (18)
Here, the Banach space A⊗̂A turns into a contractive Banach A-bimodule with respect 
to the operations defined through
(a⊗ b)c = a⊗ bc, c(a⊗ b) = ca⊗ b ∀a, b, c ∈ A,
and both (A⊗̂A)∗∗ and A∗∗ are considered as dual A-bimodules in the usual way. The 
map π̂ : A⊗̂A → A is the projective induced product map defined through
π̂(a⊗ b) = ab ∀a, b ∈ A.
For each ϕ ∈ B2(A, C) there exists a unique element ϕ̂ ∈ (A⊗̂A)∗ such that
ϕ̂(a⊗ b) = ϕ(a, b) ∀a, b ∈ A,
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A×A
ϕ(u, v) dD(u, v) := 〈ϕ̂,D〉.
Using this notation, the properties (18) can be written as∫
A×A
ϕ(au, v) dD(u, v) =
∫
A×A
ϕ(u, va) dD(u, v) (19)
and ∫
A×A
〈auv, ξ〉 dD(u, v) = 〈a, ξ〉 (20)
for all ϕ ∈ B2(A, C), a ∈ A, and ξ ∈ A∗; further, it will be helpful noting that∣∣∣∣∣∣
∫
A×A
ϕ(u, v) dD(u, v)
∣∣∣∣∣∣ ≤ ‖D‖‖ϕ̂‖ ≤ C‖ϕ‖. (21)









〈(uv) · x, ξ〉 dD(u, v)
for all x ∈ X and ξ ∈ X∗, and set
P = IX∗ − P0, Q = IX∗ −Q0.
From (21) we obtain ‖P0‖ ≤ RXC and ‖Q0‖ ≤ LXC, so that ‖P‖ ≤ 1 + RXC and 
‖Q‖ ≤ 1 + LXC.
We claim that
a · P0ξ = P0(a · ξ) = a · ξ, (22)
P0ξ · a = P0(ξ · a) (23)
for all a ∈ A and ξ ∈ X∗. Indeed, for a ∈ A, ξ ∈ X∗, and each x ∈ X, (19) and (20)
gives
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∫
A×A
〈x · (auv), ξ〉 dD(u, v)
= 〈x · a, ξ〉 = 〈x, a · ξ〉,
〈x, P0(a · ξ)〉 =
∫
A×A








〈x · (auv), ξ〉 dD(u, v) = 〈x, a · ξ〉,
and
〈x, P0ξ · a〉 = 〈a · x, P0ξ〉 =
∫
A×A




〈x · (uv), ξ · a〉 dD(u, v) = 〈x, P0(ξ · a)〉,
which proves (22) and (23). From (22) we deduce that
〈x · a, Pξ〉 = 〈x, a · ξ − a · P0ξ〉 = 0,




〈x · (uv)︸ ︷︷ ︸
∈X·A
, ξ〉 dD(u, v) = 0,
and so Pξ = ξ. The operator P is a projection onto (X · A)⊥. From (22) we deduce 
immediately that
P (A ·X∗) = {0}. (24)
The operator Q can be handled in much the same way as P , and we obtain
Q0ξ · a = Q0(ξ · a) = ξ · a,
a ·Q0ξ = Q0(a · ξ)
for all a ∈ A and ξ ∈ X∗, the operator Q is a projection onto (A ·X)⊥, and
Q(X∗ ·A) = {0}. (25)




〈x, u · T (v)〉 dD(u, v) ∀x ∈ X.
For each x ∈ X and a ∈ A we have
〈x, P0T (a)〉 =
∫
A×A
〈x · (uv), T (a)〉 dD(u, v) =
∫
A×A
〈x, (uv) · T (a)〉 dD(u, v)
and












〈x, u · T (va) − u · T (v) · a〉 dD(u, v),
so that
〈x, (P0T − δ0φ)(a)〉 =
∫
A×A




〈x · u, (δ1T )(v, a)〉 dD(u, v).
From the latter identity and (21) we conclude that
|〈x, (P0T − δ0φ)(a)〉| ≤ CRX‖δ1T‖‖a‖‖x‖,
whence
‖P0T − δ0φ‖ ≤ CRX‖δ1T‖. (26)
Write S = PT . From (22) and (23) it follows that δ1S(a, b) = Pδ1T (a, b), and so
‖δ1S‖ ≤ ‖P‖‖δ1T‖. (27)
We now define ψ ∈ X∗ by
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∫
A×A
〈x, S(u) · v〉 dD(u, v) ∀x ∈ X.




〈(uv) · x, S(a)〉 dD(u, v) =
∫
A×A
〈x, S(a) · (uv)〉 dD(u, v)
and












〈x, a · S(u) · v − S(au) · v〉 dD(u, v),
and hence
〈x, (Q0S + δ0ψ)(a)〉 =
∫
A×A




〈v · x, (δ1S)(a, u)〉 dD(u, v).
From the latter identity and (21) we conclude that
|〈x, (Q0S + δ0ψ)(a)〉| ≤ CLX‖δ1S‖‖a‖‖x‖.
Thus ‖Q0S + δ0ψ‖ ≤ CLX‖δ1S‖ and (27) then gives
‖Q0S + δ0ψ‖ ≤ CLX‖P‖‖δ1T‖. (28)
Our next goal is to estimate ‖QPT‖. For each u, v, a ∈ A, we have
δ1T (a, uv) = a · T (uv) − T (auv) + T (a) · (uv),
(23) and (24) gives
P (δ1T (a, uv)) = P (a · T (uv))︸ ︷︷ ︸−PT (auv) + PT (a) · (uv),
=0
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〈x,−QP (δ1T )(a, uv)〉 dD(u, v)
and (21) implies
|〈x,QPT (a)〉| ≤ C‖QP (δ1T )‖‖x‖‖a‖ ≤ C‖Q‖‖P‖‖δ1T‖‖x‖‖a‖.
Hence
‖QPT‖ ≤ C‖Q‖‖P‖‖δ1T‖. (29)
Finally, since
T − δ0φ + δ0ψ = QPT + (P0T − δ0φ) + (Q0PT + δ0ψ),
(26), (28), and (29) show that
‖T − δ0φ + δ0ψ‖ ≤ ‖P0T − δ0φ‖ + ‖Q0PT + δ0ψ‖ + ‖QPT‖
≤ CRX‖δ1T‖ + CLX‖P‖‖δ1T‖ + C‖Q‖‖P‖‖δ1T‖.





≤ CRX‖δ1T‖ + CLX‖P‖‖δ1T‖ + C‖Q‖‖P‖‖δ1T‖
as required. 
Corollary 4.3. Let A be a C-amenable Banach algebra, let X be a Banach A-bimodule, 





≤ 2(n + LX)(1 + RX)C3‖δnT‖
for each T ∈ Bn(A, X∗).
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which implies that C ≥ 1.







RX + LX(1 + RXC) + (1 + LXC)(1 + RXC)
)
‖δ1T‖
≤ 2(1 + LX)(1 + RX)C3‖δ1T‖,
as C ≥ 1.
The Banach space Bn(A, X∗) is a Banach A-bimodule with respect to the operations
(a · T )(a1, . . . , an) = a · T (a1, . . . , an)
and




(−1)kT (a, a1, . . . , akak+1, . . . , an)
+ (−1)nT (a, a1, . . . , an−1) · an
for all T ∈ Bn(A, X∗), and a, a1, . . . , an ∈ A. Let
Δ1 : B(A,Bn(A,X∗)) → B2(A,Bn(A,X∗))
be the 1-coboundary operator. We also consider the maps
τn1 : B1+n(A,X∗) → B(A,Bn(A,X∗)),
τn2 : B2+n(A,X∗) → B2(A,Bn(A,X∗))
defined by
(τn1 T )(a)(a1, . . . , an) = T (a, a1, . . . , an),
(τn2 T )(a, b)(a1, . . . , an) = T (a, b, a1, . . . , an).
Then:
• τn1 and τn2 are isometric isomorphisms;
• Δ1 ◦ τn1 = τn2 ◦ δn+1;
• τn1 Zn+1(A, X∗) = Z1(A, Bn(A, X∗)).











n 1 n ∗ ) (30)= dist τ1 T,Z (A,B (A,X )) .
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in (30). To this end, we realize that Bn(A, X∗) is a dual Banach A-bimodule by setting




• Y is a Banach A-bimodule with respect to the operations
(a1 ⊗ · · · ⊗ an ⊗ x) · a = a1 ⊗ · · · ⊗ an ⊗ (x · a)
and




(−1)ka⊗ a1 ⊗ · · · ⊗ (akak+1) ⊗ · · · ⊗ an ⊗ x
+ (−1)na⊗ a1 ⊗ · · · ⊗ an−1 ⊗ (an · x)
for all a, a1, . . . , an ∈ A, and x ∈ X;
• we have the estimates
LY ≤ n + LX , RY ≤ RX ;
• the Banach A-bimodule Bn(A, X∗) is isometrically isomorphic to the Banach A-
bimodule Y ∗ through the duality
〈a1 ⊗ · · · ⊗ an ⊗ x, T 〉 = 〈x, T (a1, . . . , an)〉
for all T ∈ Bn(A, X∗), a1, . . . , an ∈ A, and x ∈ X.







τn1 T,Z1(A, Y ∗)
)
≤ 2(1 + LY )(1 + RY )C3
∥∥Δ1τn1 T∥∥
≤ 2(1 + n + LX)(1 + RX)C3
∥∥Δ1τn1 T∥∥
= 2(1 + n + LX)(1 + RX)C3
∥∥τn2 δn+1T∥∥
= 2(1 + n + LX)(1 + RX)C3
∥∥δn+1T∥∥ .
Combining (30) with the inequality above, we obtain precisely the estimate of the corol-
lary. 
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bimodule, and let n ∈ N. Then the space Zn(A(X), Y ∗) is hyperreflexive. Specifically, if 






(n + LY )(1 + RY )C62n
(
C2βA(X) + (C + 1)2
)n+1 distr(T,Zn(A(X), Y ∗))




1 + sin π10
1 − 2 sin π10
C2.
Proof. From Theorem 4.1 we see that A(X) has the strong property B and the estimate 
for βA(X) holds.
The Banach algebra A(X) has an approximate identity of bound C. Further, for each 
T ∈ F(X) there exists S ∈ F(X) such that ST = TS = T , and [14, Proposition 5.4]
then shows that A(X) has bounded local units.





≤ 2(n + LY )(1 + RY )C6‖δnT‖
for each T ∈ Bn(A(X), Y ∗). This estimate shows that the map
Bn(A(X), Y ∗)/Zn(A(X), Y ∗) → Nn+1(A(X), Y ∗)
T + Zn(A(X), Y ∗) → δnT
is an isomorphism, hence Nn+1(A(X), Y ∗) is closed in Bn+1(A(X), Y ∗) and this implies 
that the nth Hochschild cohomology group Hn+1(A(X), Y ∗) is a Banach space. By ap-
plying [15, Theorem 4.3] we obtain the hyperreflexivity of the space Zn(A(X), Y ∗) as 
well as the statement about the estimate of dist
(
T, Zn(A(X), Y ∗)
)
. 
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